Abstract. We are interested in constructing a topological degree for operators of the form
1. Introduction. The subject to which this paper is devoted, topological degree, is one of the most useful tools to study the existence of solutions of nonlinear problems. This tool has a powerful property known as the invariance under homotopy, which assures under appropriate hypotheses that the solvability of family of problems is invariant under continuous perturbations.
The notion of topological degree was first introduced explicitly by Brouwer (cf. [7] ) in 1912 for continuous mappings from a bounded subset of R n to R n .
In 1934, Leray and Schauder extended this concept to infinite dimensional Banach spaces with mappings of the form f = I − g, where I is the identity map and g is a compact map (see [7] ). The uniqueness of the two degree functions was proved independently by Fuhrer in 1972 and Amann and Weiss [1] , respectively. Browder [5, 6] extended the concept of this theory for operators of monotone type from a reflexive Banach space X to its dual space X * , mapping of class (S + ), perturbation of maximal monotone operators by mappings of class (S + ), and other special cases defined on Sobolev spaces. A new and easy construction of the topological degree for mappings of class (S + ) from separable Banach space to its dual space, is given by Berkovits and Mustonen [3] . In [4] they constructed a degree function for a class of mappings of the form F = L + S, where L is a linear densely defined maximal monotone map from the domain D(L) in X to X * and S is a bounded demicontinuous map of class (S + ) [4] .
We construct a topological degree for operators of the form L+A+S from D(L) ⊂ X, domain of L, to 2 X * , where A is a bounded maximal monotone operator, L is a linear densely defined maximal monotone map, and S is a bounded demicontinuous map of class (S + ) with respect to D(L). For the construction, we use the method used by Berkovits and Mustonen [4] and Yosida approximations to give a family of mappings of class (S + ) with respect to D(L), where the (S + )-degree (see [5] ) is well defined on the reflexive Banach space Y = D(L) equipped with the graph norm. By means of this topological degree function, we prove an existence result that will be applied to give a new formulation of the following parabolic variational inequality problem: (u) such that w n / / w in X * .
(iv) A family {T t , t ∈ [0, 1]} of operators from X to 2 X * is said to be bounded if the range of a bounded subset of X by T t is contained in a bounded subset of X * for all
Then for every λ > 0 and every u ∈ X, there exists a
We denote
The operator T λ is called the Yosida approximation, it is a monotone continuous map from X to X * , graph-convergent to T as λ goes to zero and verify
The reader is referred to [2] for more details. Now let T be a linear densely defined monotone map from D(T ) ⊂ X to X * , then a necessary and sufficient condition for T ∈ (MM) is that G(T ) is a subspace of X × X * and the conjugate T * of T is monotone (cf. [7] ).
We also need the following classes of mappings of monotone type. A mapping T :
An example of mapping of class (S + ) is the duality map J, moreover, it is strictly monotone. Since J −1 can be identified with the duality map from X * to X * * , it is also of class (S + ).
If we assume that all mappings are demicontinuous and defined in the whole space
3. Construction of a degree function. Let X be a real reflexive Banach space. We assume that X and its conjugate X * are locally uniformly convex. Let A be a bounded maximal monotone operator from X to 2 X * with (0, 0) ∈ G(A) and let L be a linear 
and let 
In order to find suitable approximations for mappings
which is obviously a bounded linear monotone map from Y to Y * . Similarly, let
whenever S(t) is a homotopy fromḠ to X * , and for every λ > 0,
where A t,λ is the Yosida approximation of index λ of the operator A t . Since j is continuous from Y to X, j
It is easy to check that
Note that we have the same notation for closures and boundaries in both X and Y . In what follows, we also need the map M :
where (·, ·) denotes the pairing between Y and Y * and J −1 is the inverse of the duality
We need this representation later in proving Lemma 3.4. For each admissible map F ∈ Ᏺ G or homotopy F(t) ∈ Ᏼ G and for each λ > 0, we definê
Lemma 3.1. Let {T n , n ∈ N} and T be a sequence of maximal monotone operators from X to 2 X * . Then the following properties hold. 
Proposition 3.2 (see [5]). Let {T n }, T be a sequence of maximal monotone operators with T n is graph-convergent to T and let
and
Proof of Lemma 3.1. In this proof, we use the same notation of norm · of X and X * .
(a) We first notice that the sequences R Tn λ (u n ) and {T n,λ (u n )} are bounded. Let
From monotonicity of T n and relations (2.6),
that is,
Hence, the sequences R Tn λ (u n ) and {T n,λ (u n )} being bounded in reflexive Banach spaces X and X * , respectively. We can extract a subsequence (still denoted by {u n })
Let us identify α and β. By monotonicity of J, for every integers n, m, (3.14)
Applying Proposition 3.2 to (3.14) with 
/ / α. Combining (3.15) and (3.16), we have
and from the unicity of the solution of (3.17), we conclude that
/ / u 0 in X and w n / / w 0 in X * . The same estimation as (3.11)
/ / u as n goes to infinity. Since {T n,λn (u n )} is bounded in reflexive Banach space X * , we can extract a subsequence (still denoted by {u n }) such that T n,λn (u n )
/ β. Applying Proposition 3.2 to the sequence of operators {T n } with α n = R Tn λn (u n ) and β n = T n,λn (u n ), we obtain β ∈ T (u). (b) Let λ n / / 0 and w ∈ T (u), then the property pointwise graph-continuous of T n implies that there exists a sequence w n ∈ T n (u) such that w n / / w in X * . By monotonicity of T n ,
The relation above implies that R 
Since L, J −1 , and A tn,λ are monotone we conclude that lim sup S t n u n ,u n − u ≤ 0. Let F(t) ∈ Ᏼ G and let {h(t), 0 ≤ t ≤ 1} be a continuous curve in X * . We denote
for some λ,δ > 0, and
Note that j(K) ⊂Ḡ implying that K is bounded in X. The fact that K is bounded also in Y follows from the following.
Lemma 3.4. There exists a constant R > 0, independent of λ,δ,s, and t, such that
Proof. Without loss of generality, we may assume that h(t) ≡ 0. Let u ∈ K be arbitrary. Then for some λ,δ > 0 and s, t ∈ [0, 1],
Recalling that L * is monotone, we obtain
Since J −1 (Lu) X = Lu X * and since A t and S(t) are bounded homotopies from a bounded setḠ ⊂ X we conclude that
for some positive constant c independent of λ,δ,s and t, this completes the proof.
The relationship between F(t) ∈ Ᏼ G and its approximationF λ (t) is shown by the following.

Lemma 3.5. Let Ω ⊂Ḡ be a closed set, F(t) ∈ Ᏼ G an admissible homotopy, and h(t) a continuous curve in X
* such that
Then there exists λ 0 > 0 such that
Proof. We may assume that h(t) ≡ 0. We argue by a contradiction. Let us assume that there exist the sequences {λ n }, {t n }, and {u n } ⊂ j
and
Lu n +Â tn,λn u n +Ŝ t n u n + λ n M u n = 0. 
Since S(t) is a homotopy of class (S + ), then u n / / u in X and S(t n )(u n ) / S(t)(u)
in X * with u ∈ Ω. By (3.39),
for all v ∈ Y and n ∈ N. Since A tn,λn (u n )
/ w t ∈ A t (u) for a subsequence {u n } (Lemma 3.1), then as n tends to +∞,
, which contradicts our assumption. Hence the proof is complete.
By choosing Ω = ∂G, F(t) = F ∈ Ᏺ G , and h(t)
= h ∈ X * as in Lemma 3.5, the condi-
Recalling (3.5), we also have
Moreover, by Lemma 3.4 there exists a constant R > 0, independent of λ, such that
for all λ with 0 < λ < λ 0 . SinceF λ =L+A λ +Ŝ +λM is a map of class
to Y * by Lemma 3.3, the value of the unique topological degree (see [5] ),
is well defined for all 0 < λ < λ 0 .
for all λ with 0 < λ < λ .
Proposition 3.7 (see [5] 
Since A is a bounded operator from X to 2 X * , then the sequence
is bounded in X * . We may assume that w n / w in X * and u n / u in X, we have / S(u). Applying v to the two sides of the equality (3.53) and tending n to infinity, then we have
where w ∈ A(u) and u ∈ j −1 (∂G). Which contradicts the relation (3.52). That is,
and R is a constant satisfying Lemma 3.4. By the invariance under homotopy property of (S + )-degree, we obtain
Consequently, it is relevant to define a function D by
and R is sufficiently large (satisfying Lemma 3.4). 
Satisfying the following properties:
Proof. It is the same as the one given in [4] (properties of the degree). For a given h ∈ X * , we are interested in the solvability of the equation
and w n ∈ A(u n ). Since subsequences {u n }, {S(u n )}, and {w n } are bounded in reflexive Banach spaces X and X * , then there exists a subsequence (still denoted by {u n }), such that u n
wherew is an element of A(u). Since S is pseudomonotone, we obtain S(u n )
/ S(u)
= s and S(u n ), u n / / S(u), u . Therefore, lim sup w n ,u n ≤ w, u , then by Proposition 3.2 we have w ∈ A(u).
) and assume that S satisfies the two conditions:
Proof. By condition (i) there exist two constants R ≥ R and δ > 0 such that
for all t ∈ [0, 1] and 0 < λ < δ/R . Therefore, by invariance under homotopy, we have for all 0 < ε < δ/R ,
Application to a parabolic variational inequality problem.
Let Ω be a bounded open subset of R n for some n ≥ 1, and Q the cylinder Ω×]0,T [ for a given T > 0, we consider the operators of the form
where
The supposed functions A α satisfying the Carathéodory, polynomial growth conditions, and monotonicity such that the operator defined from ᐂ = L p (0,T ,V ) with
is bounded continuous pseudomonotone (see [4] , for instance). Moreover, we assume that the functions A α satisfy the coercivity condition. There exists c > 0 and
for all (x, t) ∈ Q and ξ ∈ R N . Let A be a bounded maximal monotone operator from ᐂ to ᐂ * . Indeed, let ϕ be a convex lower semi-continuous function from a reflexive Banach space X to R ∪ {+∞}, then the subdifferential of ϕ at u in X, given by
is maximal monotone from X to 2 X * . We assume in what follows that 2 ≤ p < ∞.
Then, for each u ∈ ᐂ with u ∈ ᐂ * which also belongs to
here u stands for the generalized derivative of u, that is,
It can be shown (see [9] ) that L is a linear densely defined maximal monotone map. 
Then the equation
Proof. We use this result to give a new reformulation of a variational inequality problem-obstacle problem. We consider the operator −∆ p defined from L p (0,T , (see [7, 9] ). Furthermore, we verify that ∂ϕ is bounded. = 0, therefore u ∈ .
